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RT<SU
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xi

Uª:=GO89ÐK<789<7Ð´IK<S:�ITÔV?OCS:»Uª8½Gd?FEO89Ò74ª?F8;I5<SGaITÔ
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P�IKEFEF:=GOJ+IK<SUª8;<SÐ´?OI
{xi,1, ..., xi,K}

RK<SU
h̄
Ü'8i?FC RT696�Ô�IKEF:,Ð5EOIK4S<SUMI5<7:=G=@$P�I5EOEF:=GOJ+IK<SUª89<7Ð

?OI
{xi,K+1, ..., xi,K+K̄+1}
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ìaR�Öx8;<7Ð Uª:�ït<7:=UØ?OCS:¯8;696;4SÓµ89<SRT?O89IK<¾RK<SU¿?OCS:¯GOJSRT?O8½RT6¼698;ÏK:=6;89C7IxI7U¿ÓµI7Uª:,6'ÜD:¯RKEO:
<7I�Ü
8;<Ù?FC7:ÃJ+INGH8;?O89IK<¾?FI¿Uª:]GOP,EO89Ò+:¯?FC7:ðîÃRTòx89Ó�47Ó +X89ÏK:,698;C7IªIªU ó�î +�ô�:=GH?O89Ó�Rk?O89I5<ÙITÔ/?OC7:
P�IKÓ�ÒS8;<7:]U�Ó�IªUª:,6�Ú�+�:�?

θ={µ, Σ, π}
Uª:=<7IT?F:º?OCS:°ÖK:]Po?OI5E±IKÔ�RK6;6$47<7Ïx<7I�Ü'<tG,Úªß¼C7:�î +

:=GH?O89Ó�RT?O:
θ̃
8½G¼ÐK89ÖK:,<
ÒNÕBè

θ̃ = arg max
θ

{

log
∑

x

p(u,f ,x |θ)
} ó�ãNô

Ü'C7:,EF:
p(u,f ,x | θ) = p(u,x | θ)p(f ,x | θ)
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i
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x
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f
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GO89ÓµJ7698;ïS:=G¼?OCS:�î +Ñ:]Gd?F8;Ó�RT?O:°?FISè

θ̃ = arg max
θ

{

log
∏

i

∑

xi

p(ui, li, fi, xi |θ)
} ó �Kô
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(t + 1)th
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bt+1 IKÔ�?FC7:�69IKÐKÛ

6;89ÏK:,6989C7IxIªU�� � � � � �N?OCS:aJ+I5GH?O:,EF89IKE
p(x |u,θ)

8½GDP�IKÓ�J74ª?F:=U�89<�?FC7:!�VÛ�GH?O:,J�ÚNÎ±ÕµP,IK<SGH?OEF4SPoÛ
?O89IK<X@3����� �+ÒNÕ�?FC7:�J78;òª:,6�89<SUª:,J+:=<SUª:,<SP,:K@S?OC78½Gs69:=RKUSG¼?OI�R�P�69I5GO:=UxÛ�Ô�IKEFÓ GOIK694ª?O89IK<
Ô�IKEs?OC7:
69RT?O:,<N?³ÖkRTEF8½RTÒ769:¼:�òªJ+:=P�?FRk?F8;I5<SG

bi

@KÜ'C789PQC´RTEF:¼IKÔ¶?O:,<´P,RK6;69:=UµÒ+:=6;89:�Ô�G=Ú �sIK?O:5@T?OCSRT?�89<�IT?FC7:,E
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EF:�Û
�54S8;EF:=G/ÐKEQRTJSCªÛ�P,4ª?/IKJ7?O89Ó�89GFRk?F8;I5< à9Ý,ãKäVI5E�IT?OCS:,E�8;?O:,EQRk?F8;Ö5:�RKJ7J7EOI�òª89Ó�RT?O89IK<SG°6;89ÏK:�Óµ:]RT<
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bi,k
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xi,k

RKEO:'ÐK89ÖK:,<�ÒxÕBè

bt+1

i,k=1...K =
1

N
πk

1

| Ji |
N (li;µ

t
k, Σt

k)h(fi |vi)
ó��5ô

bt+1

i,k=K+1...K̄
=

1

N
πkN (ui;µ

t
k, Σt

k)h̄(fi | v̄i)
ó��Tô

bt+1

i,K̄+1
=

1

N
πK+K̄+1

1

2563
h̄(fi | v̄i) ,

Ü'C7:,EF:
N =

∑

k bt+1

i,k

<SIKEFÓ�RK6;8½GO:=G�?OC7:�Ò+:,698;:,Ô�G
bt+1

i,k

?OIíIK<7:5Ú�ß¼C7:´ïSEQGd?»6989<7:�89< � �+Ú �
P�IKEFEF:=GOJ+IK<SU7Ga?FI
?OC7:�Ò+:=6;89:�Ô�G/?OCtRk?�?OC7:

kth
<7IKEFÓ�RT6�Uª89GH?OEF89Ò74ª?O89IK<ÑIKÔD?OC7:�896;6947Ó�89<SRk?F8;I5<

ÒSRKPQÏxÐKEFIK47<SU¿Ó�IªUª:=6'89G´RKPo?F8;ÖK:
Ô�IKE�J78;òx:=6
i
ÚDLx89Óµ896½RTEF6;Õ5@�?FC7:¯IK?OC7:=Eµ?dÜDI 698;<7:]GMó � �tÚ �Kô

P�IKEFEF:=GOJ+IK<SU�?FIµ?OC7:�Ò+:=6;89:�Ô�G�� � � � � �7Ô�I5E¼?OC7:/Ô�I5EO:=ÐKEFIK47<SU�8;696947Ó�8;<SRT?O89IK<¯ÓµI7Uª:,6�Ú

& � �	��" 		� ñ°89ÖK:,<¾?OC7:MÒ+:=6;89:�Ô�G
bt+1

i,k

@V?OC7:Ãî¯Û�Gd?F:,J¾Ó�RTòx89Ó�89GO:=Gµ?OCS:M6;I5ÐTÛ�6;89ÏK:,698;CSIxIªU¿ÒNÕ
EO:=J769R5P�89<7Ð»?OCS:�Ò78;<SRKEOÕ´6½Rk?F:,<N?'ÖTRTEF89RKÒ769:=G

xi,k

ÒxÕ´?OC7:=8;Es:�òªJ+:]Po?O:]U�ÖkRK6;4S:
bt+1

i,k

Ú

µt+1

k =

{

1

Nk

∑N

i=1
bt+1

i,k li
8;Ô

k ≤ K
1

Nk

∑N

i=1
bt+1

i,k ui

IT?FC7:,EFÜ'89GO: ,
ó��5ô

Ü'C7:,EF:
Nk =

∑N

i=1
bt+1

ik

ÚtLx89Ó�8;6½RTEF6;Õ5@ªÜD:�IKÒª?QRT89<Xè

Σt+1

k =

{

1

Nk

∑N

i=1
bt+1

i,k (li − µk) (li − µk) T
8iÔ

k ≤ K
1

Nk

∑N

i=1
bt+1

i,k (ui − µk)(ui − µk)T
IT?FC7:,EFÜ'8½GH: ó��5ô

πt+1

k =
Nk

∑

k Nk

ódÝ "5ô

és6;?O:=EO<SRT?O89<7Ð �ÑRK<SU�î"GH?O:,JtG�:=<SGH4SEO:±P,IK<NÖK:=EOÐ5:,<SP,:V?FI°Rº6;IªP=RT6NÓ�8;<S8;Ó�47Ó¯ÚTésÔ¶?O:=EVP�I5<NÖK:=EHÛ
ÐK:,<tP�:K@ªÜ±:�P,RK<¯P�IKÓ�J747?O:/?OC7:�GO:,Ð5Óµ:=<5?FRT?O89IK<
ÒNÕ�GH4SÓµÓ�89<7Ðµ?FC7:�Ò+:,6989:�Ô�GsP�I5EOEF:=GOJ+IK<SUª89<7Ð
?OI�?OCS:/Ô�IKEF:,Ð5EOI547<SU�RT<tU�?FC7:�ÒtRKPQÏNÐ5EOI547<SU�Ó�IªUª:=6�ÚSß¼C7:�J7EOI5ÒSRTÒ789698i?dÕ�ITÔVRµJ78;òª:,6XÒ+:=:,89<7Ð
Uª:=GFP�EF8;Ò+:]U�ÒxÕ´?OC7:�ÒSR5PFÏxÐ5EOIK4S<SU´Ó�IªUª:=6$8½G±?FC7:,EF:�Ô�I5EO:/ÐK89ÖK:,<
ÒNÕBè

p(vi | θ̃,u) =

K
∑

k=1

bi,k .
ódÝ5Ý]ô

��<
?OC7:�<7:,òx?sGO:=P�?O89IK<X@ªÜ±:�Uª8½GOP,4SGFG¼8;Ó�J769:,Ó�:=<5?FRT?O89IK<MRT<SU�J+:=EHÔ�I5EOÓ�RK<SP�:°8½GOGO47:=G=Ú
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RT<tU
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(
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����� £��S£ wT^Q§]©�^Ffkcdgif5§³cdeN^�exq,fxna[=«7lBg_§5­ � �¶¥��O­ ��q��+ÂD^Fu�jN\zc�[,« � � �5y�eN^Qfºcde5^�¥xq,ZO¦T§=pd[=jNfNnº©�[TnK^Q\
q=n���jNu�cduscd[k[�u�\_[oy�\_b
cd[�exq,fxnK\i^�q�hkjNg_ZO¦´g_\i\_j5©�gifNq,cdg_[]f¯ZHexq,fN§=^]­ �¶¥��±®Àe5^Qf�cdeN^�¥Nq=ZH¦K§,pd[]j5fxn
©�[TnK^Q\Bq=n���j5u�cduD«½q=u�cd^Fpo­ ��n ��Â�� �¿ZQjKpd²�^'«½[,p¼[]j5p±©�^OcdeN[Tnµ[]¥KcHq=g_fN^on�¥kbµ²]q�p�bKgif5§�q/cde5pd^Qu�e5[]\in
[=f»cde5^±¬5pd[]¥Nq=¥5gi\_gzc�b»[,« � hx­0� �]­ � e5^¼ZFpd[]u�u�^Fu�pd^Q¬Kpd^Qu�^QfkcVpd^Qu�j5\zcdu�[]¥KcHq=g_fN^Qn»¥kb �����S«9[=pDnKg_¸7^Opd^Qfkc
ZHe5[]g_ZQ^Qu³[=«$\_^oq�pdfNg_fN§°pHq,cd^sq,fxnµn5^FZQg_u�g_[]f�cdeKpd^Qu�e5[]\inS­
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 � eN^±q,¥xq=fNn5[=fN^on�¥Nq=§ag_f
cde5^a©�gin5n5\_^s[,«�cdeN^su�ZQ^FfN^aexq,u±©�g_u�cHq=¦]^QfN\zbµ¥ª^Q^Ff´g_fkcd^Q§,pHq,cd^on�g_fkcd[�cde5^a¥Nq=ZH¦T§=pd[]j5fxn7­ ��n�� �±j5p
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ZF[=pdfN^Opovxq=fNn�cdeN^¼ZHexq,g_p�cdexq�c³eNq=u�¥ª^Q^Qf»pd^F©�[�²�^on�[=fµcde5^±pdgi§=ekco­
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